
~ ooc i~~~c

END

_______________ 
DATE

9-77
Dot



I 0 2.5

______ 

‘~~ I~I~ 2.2

~~~ ~ 2O

11111’ ~ flIfl~ flhlI~
MICROCOPY RESOLUTION TEST CHkRT

O} S~~N~~~ DS



AF OSR-TR 7 7 - 0 9 4 5

-
00

DES I GN OF M I N I M U M  N O I S E  DI GI TAL FILTERS U S I N G  A M I X E D  N1JR~~*

©
~~~ Willi am W. Cooper Kenneth M. L~ vr~-~se ur and Ov ed Shisha

Dcpart~ ent of Electrical Eng ineering Depart~ &~nt of Natl: u .atlcs

~~~ U n i v e r s i ty  of Rh ode Island Universit y of E1~~~e Island
~~~ K i n g s t o n , R. 1. 02881 K i n g s t o n , R. I . 02881

URI N a t h . Dept . Technical Report No. 67

June 1977

~p:rcv-~~ for p~~ I ic re1~~~ e ; D D CQ t ~ ’~~ h~ ’t 1on “‘ ~ r i i~ ‘‘~

>-
* Research sponsored by the Air Force Of f ice  of Sci en t i f ic  ~~e~srch,

Air Force Systems Corn~and , USAF, under Grant No. Al ~O~ R — ; —-
The United States Government is authorized to reproduce md
d~ ,t r i 1 ’~t e  reprints for (~,ov er i - e n t a 1  purposes notwltLst ~n d n~ any

~~~ copy r~~ h t no~ at~ on TlLreon .

=

~~~~~~~-~~~--~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~



AIR FORCE OFFI(TE 07 SCIENTIFIC RESEARCH (LFSC )

NOTICE OF TRANSMITTAL TO DDC
Th is technical report ~~s been rev iewed and is
approved for public rclease LAW AIR 190—12 (7b).
pistribution is un l imi ted .
A. V. l~LC;~ E
Technical InI o rn~atiOfl Ofltc er

—— -- .
~~

_ - . —: L L ~~~~



UN C L A S S I F I E D
St C U R I T Y  c~~A aSIFIc A T IoN OF T H I S  PAGE (When 1)i.to f~r ,tered)

(~~~~EPORT DOCUMENTATION PAGE
I. REPOR~ ER 2 . GOVT A C C I S S I O N  NO. 3. R E C i P I E N T ’ S C A T A L O G  NUMB E R

~~~~~~~~~~~~~~~~~~~~~ _ _ _ _ _ _ _ _ _ _ _ _ _

,~~~~ 4 T I T L E  (and Subtitle) ~~~ T Y P E  OF REP ORT & P E R I O D  COVER ED

DESIGN OF MINIM UM NOISE DIGITAL FILTERS ~~~Interim ’~~~~,,
USiNG A MIXEI) NORM~  ________________________

- .-..--- 
• .

~~~ 
.
~~
.. ~~~~P1a~~~ RM ING ORG . R E P O R T  NUMBER

7. AUTHOR (s )  .~~~. ~~~~~~~~_—~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

(/  ‘)  Will iam W./ Cooper , Kenneth M.j L eva sseur / / ;- .- ~-~.AFOSR ~~ -3 I74~e~ 7/)
Cved Shi sha  - 

— — —
~ 

-

9. PERFORMING O R G A N I Z A T I O N  NAME AND A D D R E S S  10. P R O G R A M  E L E M E N T  P R O J E C T , T A S K

Unive r s i t y  of Rhode I sland A R E A  6 WORK U N I T  N U M e E R S

Department of Mathematics / . .‘ , ‘

Kingston , Rhode I sland 02881 (/ 
~~~~~~~~~~~~ 

~~~~~~ 
.d

I i .  CONTROL LING O F F I C E  NAME AND A D D R E S S  ,~~~~~ 12. REPORT DAJg
Air Force Off ice  of Scientif ic  Rese arch /NM / / ~

u n• s~~~n r~r’ ~~~~~~~ 
‘. // ____J~ .fl_~~7/

~oti1ng £~%.L . .~-_—-~ ~~~. ~~~~~~~ OF4~A G E S

______________________________________________ — 11
1 4. MONITORING A G ENCY NAME & AQDR.ESS(II d,iIcrrnI from Controtl~n~ Olf ,c r)  IS, S E C U R I T Y  CLASS.  (of this report)

\ —

( ) / i ..- U N C L A S S I F I E D
I
, 

~~~~~~~~~~~~~~~~~~~~ _ _ _ _ _ _  ____

ISa . D E C L A S S I F I C A T I O N  D O W N G R A D I N G
SCHEDULE

16. D ISTRIBUTION S T A T E M E N T  (of th is Report)

Approved for public release; dis t r ibut ion unl imi ted

17. D ISTRIBUTION S T A T E M E N T  (of the abstract entered in Block 20, if different from Report)

1$. S U P P L E M E N T A R Y  N O T E S

19. K EY W ORDS (Continue on reverse aide ii necessary arid identify by block ri~.mber )

Filter , antenna , minimization , passband , stopband , quadratic
programming, norm, convexity, Kuhn-Tucker.

20. A B S T R A C T  (Continue en reve rse side if necea.ary and identify by block number)

A concept of a ~mixed norm of a function is introduced and
studied. It arises from the problem of design of nonrecursive
digital filters .

I

DD 1 J A N 73 ~473 EDIT ION OF I NOV 6S IS OB S O L ET E U N C L A S S I F I E I )  ‘ ‘ .) ~i~—i~’~cFr p~~ v r i  asc r I ra T ,~~w ~~F ¶-
~~; c  PA ~~ F fN’~ .n flaia FnIpe.d~



F’ NTIS 
— 

Wh ite Section ~~ 

—

~~

DDC B-JEt Section 0

o
J US I ft C ij  ~~

BY

~~~ ~!L4gll h i  ~J3ES
Do t ~~~~ 100 “ (1  

- 
SPLC I AL

l ) - - . G ~ OP ~~l N J J~OM NOISE DIGi ft ~
T
~ D J Jiii’ ,OS 00 00 A ~i t  I ’ D  0

~~~~~~~~ W. C o p ~ r ‘ Y~ nn ’’th  N. i ! : vnn : ’ ’~ur ‘ -r id 1v ’~d 0Lf ~ N a
P~ -~~ D:i ’~ii~. of i.1.’ctrical ~~~~~- ‘~~t’~ n~ ~) ‘ pn i tm’~nt of ~ ‘~‘0. - ‘~ ‘~t0 os
‘ .:~~~~‘~~:ty of O I l , i d e  T~t ’nnd  n~ v~~ ’~I i t y  of o~~ ’s
0’ ~~~~~~~~ R. C. 02881 -:~~~j~D~en , o . I .

i s . ± i ~ °~!
Previous work on desi~~~ of nont ’ -~~~~’sive d~~~~tal f ilter s  ~/ 0 c h  are

‘ ‘0 - ~ca1 mnt 1 .:’~~’~t i e a 1 l y to ~~~~~~~~~~~~~~~~~~ I ~ne n r  n ’ -~~.na ~~~~~ [1], N n s

~Y ~ni z ~d a q n’ td i ’n t ~ c e r ror  er~ ten o~~, s~Oiject to ~ner~u -0J ity  c’ce~st~n i~ ts on

eln’er ifl tin e f i i t -~r t 1p1 H) n ’ t l O n , 2t an -I ’it ~~’ ~‘y 1. ~t f’’ rDte

n ’ ~’L,r cf  po nt~ . ~~ n-~r n t~~c °~ ‘ r ’ r  nd :‘ ‘ h: .-~rn ~ ‘i oi’ O ’~ufl 1:e ‘~ ‘~Je to cu : r’o~ j ’

i n . ~. ‘ ‘t i ve l y ,  to tc t ’~I. st:~~L -n. d ~~~~~~ ~n. ’.;-~r nn. d ‘ ;~~nri ~ ‘ n ’ D . n n d  n ‘ot a

:~~e ~~~~~~~~ in the foi 1 n~~~n.g, ~~~~ 0 t ’ .d ~ n.1fl Of  tie tic o n. ’:’3r

w i l l  n O n ~ ’:0 n~~d L y wie of ‘~u n - ’~L i ~c n.n~.’ ’ - ~’ : O n ~ . ~‘. ‘t ’- r:: . .;no , ‘n .y  sci. n

to t i e  c n n s tr o ’~~ o n., ’ i in’’i L c  ‘ ‘ / n 0 ~~on L-n” nbl ”fl I T  I, n.~ s I . - -~~ to 1., c’ a ~? ini—

u : ’ n t o a ’ ~ -~~~~.t ’d ’ - . n ’ 0 ’ : ’~’ 0 n ~~~. , i ’ :’~, n 1 d \ ’ c e \ .n.’ ’’~.

2. o1 i ’ - : . -’~0T ~‘~-{E !~A~ ~~4 : i C .Y. i~’~~’;~~s

‘0 s • ”n of a l .~w p:n.s fi ’~t.’ -’r c’~n i:: ‘
~~~ ‘,\ ‘~. : s  -

~~~~ ~~~~~~~~~~~~~~~~~~ ~
. ‘

1. if O < t < t ,

0 ~f t 5 < t < : ’ . n ,

-.•/~~~~~~ 0 < t < t < 0.5. ~~~~~ v~~i [n , t ] ~~ e n i ’  .0 ‘
~~

-
~ ~~~~~~~~~ 

.
‘~~p ~ 0

[t , 0.5] 1 s ca 11 ed D o  0 0 t r i d • ~
‘ ‘ ‘ ~~~~~~~~~~~~~ I

3 ‘ V ~~~
‘ •

~~~~

- ~~~~~~~~ ~~~~~~ ~~~ t~~~:’0~~~



2

1 ‘ n o’ 1o’ ‘n I i  : ‘ t t n .

N
h ( t )  E ak C O S 2 J t C

k
t 0.0 

~ 
t < 0.5

k~ 0

ti e  Ck
? S c x c  n / : i—t ~~~ ; t tv e  ~‘ . c l s , t I t i ’ i ct l y b o x ’  ~~~~~ with k c’~d

c -
~~ 0; n in e  t o  a ~ x3 are  r eal .

0 k
.~i , . ’ to on oin ’i w’~ ii ice . . - ed is tOe “:‘ti ~d 1 j : i i , ” ie fi  -oi ~

‘ui ‘. -n.y iocal

~ no t O  on g, cont Dmous on both [0 , t ]  and [t 5 , o.5] icy :

0.5

h g  
~~ = X max 1g(t) 1 2 

+ ( 1-  2.) $ w (t )  ~g(t)j
2 
dt

o i t �t p t s

- . n r ~e fL ’.cd X , 0 < ~ < I~ cod some fi xed po$iti ve c o n tn  ocos l~~~c~

1A Oof0000 on [o , t~ ] u [t 3 , o.s]. The fact that this def~n~ t~ on do—

t ’~ - i0 n~~s a norm is oLv~ ous except for the t.o 1 nxc le -n.t ’rlity ,  it s  pnoof cp—

0-  rio’ s ~n the .r.op n d ix .

O-U0 nrc0ol ~~~~ p ( x ) ,  4~~ to f i  nO a Ln.3 t cnpr cc Tho~ti on to f , n. -~~ ‘l y,

N
f ( . )  — 

~~ 
C L S

ak 
k~ 0

0 ;.. -c~ or , 2cr C : - p i t i ’  ~~ -T o n i .  pc ’ p n ecs , we ~‘x i c L i  ute for it c n o t O -r prob ’. c~’x ,

P (x), T h t i i r n o c l  by d~~sot’et i z~ rig the ~iossband . PD(X) 
is the probl em

N
f ( )  — ~ 

Cos 
~~

Ck~~~ ‘1 Dk 0

~‘~ r ’ r ’ ’~, “c ’ ’, : ‘ j t~~~’ - n -i  n.e ,

IL . -- ~~~~~~~ ~
-
~~~‘~~~~~-~~~~

-:‘ 
~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~
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0.5
II ~~ X ~~ x g(t 1) J 2 

(i-x) $ . ( t )  g ( t ) j 2 dt
j  ~1 , .. ., rn

S

~rid ~ < t 1 < t2 < ... < t < t c x ’ - g i v e n  t O - o x ’ s . PD ( X )  ~‘~ d~~c’~~s to a

q u O  o - t  c prograirsni ng probi - ‘rn .

Onch of p(x) and PD (X)  le ts  a uni ~ UO 301 x x U i  ~r . 0 ’i  t i e r  U hi n o r

HID iS c to  otl y cenv - ’x ;  l l c ~’:o\’tir , - ‘rO we orn t the p.- -on. f , t Oe  at  r i  ct cL! . v i - x ty

of the I no rm can be used to show un i  c ~y of solution of each of the

p~’c ’b i- .t nt-~ ~(x), PD ( X ) .

Tn [i], a probi ’rn n i t n i l ar to p (x) wos solved which also c -edu c ’es  to a

I. r ’ ~~~ ’0t ~~C D 1’O ” t n . f l h 1~~ p t -oi l  em af ter  d iac re t iza t ion  of the p assband . The

rohl. .:m , P ’ ( E ) ,  was

0.5 N
r r i in im.ize ta( t)  J E  cos 2mc kt I

2 dt

n . i c~ ect to
N

l — E <  
~ 

a
k

cos 2ne
kt < l + E  f o r 0< t < t

k / 0

‘ c C  0 < E < 1 and w is as ‘IbcVe . (!~e t u a i T h y,  in [i], only the co n e  ck~~~
k

u t s  ec’t ti t i~~i’ed.) ~~ t P~~(E)  be the d i s c J ’ e t i~~ed v er sio n  of P ’ ( E ) .  .-0~’i in , by

t o  s~ :- ict convexity of the L
2 

norm , each of P (E) and PD(E) 
Oti s a un i que

Dc

IIL~ .- .-~~ -~~~ ‘—. — —~~~ -. 
‘~~~~

;
~~~~~~~~~~~~~~ t~ ”. . f ’ 

— ‘ _411 4
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3. o.~ Li~J ::~*h I” . .

N 
*‘-~ t h~ (t) > a}~ C O S  Ot lC

k
t be the un ’ qoe solution to p(x).

k ,0

0’- - not~ E ( X )  = n ’ X  I i — h
~~
(t)h. Oct ED (X)  be the c u !- 1 ’ ’n p - n O i r ~~~~

0� t It p

nro:rice r  for P
D
(X). The f ni l o ;c i ng t0t~o x - crn is stated for p(x) cod P (E), but a

a . in i I c r  t-O ’cx’e r n  is tnue for the di ncr’e~ ioed V , c I ’ S i r , r l g .

~t I r i~~ 
It is convenient to e~~tc’nd the problems P(x), P

t
(E ) ,  P

D
(IL) and PD

(E)

t i  t ie cases X 0 ,1; E = 0,1. Existence of solution for these px’obl c-rrxs is

still true.

c’~~’on - ’n l. Oat f, w, t , t and k = 0,...,N, be fOxe d  as above . Onch

p(x ), 0 < l~ < 1, I3 e q o iv n l .1’nt to sc-inc P’(E), 0 < E < 1. That is:

(1) FOr each X , 0 < X < 1, let h be the solution of P(x). T’~’.en

Ofl  E, 0 < E < 1, ~och that h~ 
is the solution to P’(E); and J

(2) For a ~ iv on  E, 0 < E < 1, let g~ be the uni que soluti on of P
’
(E).

Th~n ti re i s  a X , 0 < X < 1, such that is the solution to p(x).

-
~r firet p n:f also oppl~ es to the cox’respondi~~ discrcttzed ve:’sion

of Do hoox”rn. A non . 0 r - i  pc of (for tO- xt v~ :’sron only) fol 1 c~ s wlO ’h givos

a ~~~
‘- -

~~~
1 e :‘ -s~ nbt.

~ : x - .r~t_:.~
-
~~ L. (1) Let X be 

~~
.ven

~ 
0 < X < 1. If h

~~
, a solution to P(x),

is rot a solution to P (E(X)), th~ n a solution to P (E(X)) would he better

t i - n  h
~ 

in P(~~) which, of course , is a c xiinncui ct ion .

(2) We will prove the nc- c -nd part of the thcox’ -- rn by :oL~~wO i g  th at

E(X) -‘ S a dic c”casirxg 0 0 0 t L T ] U ’ T ( I S  function of X and , in fact , onuS [0,1] onto

‘n.r ” - l f . Tt i s  el e a r -  D a t  E(o)  = 1, s~nce tie uni que sol.ut-i on of ~(o) is

~ 

~~~~~~~~~~~~~~~~~~ ic~~~~~ -~~~_
‘
~~L~~~~~i1.

.
~ ____
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h (t) ~ 0. S trio l ar l .y ,  E( 1) 0. L.’xn r ia 3. L O 1 O W  is . r : ’d t pz c -y e  that E (X)

is dc-nx’ c . n i r ’x~~.

I. : ’~LL~ I f O < X
1 < X 2 < l , a

1 < a 2 rind b
2 < b 1, thei~~eit ~~er

( A )  X 2 a1 + ( 1 —  X 2 )b1 < X~ a~ + (i —

(B) X 1a2 + (1 — x 1)b 2 < X 1a1 + (1 —

b1 -b 2
: i .~ L1-.o~2il. I’D.Dior  (1) a — a 

<
2 1 2

b — b  X X1 2 1 . 1 2 .
‘ a 

> 
~~ — ~ 

, s~ nce 
~ — ~ ~ ~~

— . ~l r .r l y ,  ( i)  Tmplae s  (A)
1 1 2

and (ii) im plies (B). Lerrsna 1 is proven.

If we had < with E(X1) < E(X2) ,  we w o l J l r i  ax ’i ’ ve at a a t t n - a - -

d ’ c t io n  to L- -: ; na 1; 0 . 0 0 2, E ( x )  is d e c x ’o a n ’ n~g for 0 < X < 1. -D so

E(0) = 1 > E(X) > 0 = E(l)  for 0 < X < 1.

The ecatirirO ty of E(X) can be establish-.-d Oy a sti- cii ~Ox 2 -i’w~.r’d

‘- - ‘ 4-

f-ooon d_ Px -oof  (for discretized version). Convex .t y of the pos i t i ve  d e f i n it e

q. r c ( i o o b c  p ar t  of the object ive funct ions and c on i ex i t y  of the  C~~: .ot : ’rx :x t t

fc n c t i o~~s ~ - ; o r’,x ’t ’:-e appl~ cah~ l ity of the Kuhn—Tucker c c n dit i o n s  to both

P
D

(X )  and P~~(E ) ,  for 0 < X < 1 and 0 < E < l.(See [ ] ,  pp. 20 , 90.) The

:pec~ a1 C O S O S  X = 1 and E = 0 give the special solution h(t) ~ 1. For the

other cases , define the approxim ating function

N
h (a ,t) E a. cos 2ttc.t

— 
=~~-=~~ 

1 1

~ 

~—
- -± J~2:~~~-~~ .-~~~~~~- ~~~~~~~~~~

‘
.

— _--- - --- _114
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0111 nun—n -  - ,~ 
- t i  VO ‘ ‘ ~~ a U: - ‘t i n t  fin in t i  ~~nS

(h (a , t , )  — 1)~

(1 -

+ b , b > 0whcx’e  b 0 , b < O•

occ’n. r’ or y - ‘nd s uf f i c i en t  K-..i . n - I~ xo ’~~’:r L’ ,- n n t : -n.s for (a 15 a2
, . . ., :

1~) = a

to be a solution to P
D(E) 

are

0 ~:‘ad t~h II~ + grad ~~~~~ + 
k 1  

~~ grad g1 (~~~

c~~~~o,

) 

a~ (g~~~~( a )  - E0 ) = 0 ,

ci (g~~~( a )  - E )  0 , k = l , 2 , .. ., rn~

If we Ti T’st nrnlti.ply the objective function in PD(X) by (1 
— x) ’, it is ecay

to ~:ee t i n t  P
D

(X)  is equivalent to

2 II t 2x r : n l m i ze ~x p  + uh 2

: ‘ xiject to ~~~~~ < p

,

• The K n O n — T i x o h e r  c o n dit io n s  for a ~ i o1cal :ni n~ :n.irn fox ’ t h i s

-c r  oil -rn at a = a are
- — 0

- 
—

~~
--

~ 
-
~

-—-—‘- ...T ~~~~~~~~~~~~~~~~~~~ 
.,_1 J~._1~ .___..___ 

— ~~~~~~~~~~~~~~~~~~~~
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0 ~ ;‘:t d Ilh ~ 
+ E grad g~~~(~~) + 

~ 
~~i 1 d  g~~~~(a)

- -  k= 1 - a “ k — i .  
- 

a

a
0

(~~*) ° = 2
~~~~~

’
~~k~ l 

°k+~~~~’k- ,

- 

~
) ~ 0 ,

- p) > 0 , k = l , 2 , . .., m.

Notice that if we start with the minimum point , a , of P ( E ~~ , ten set

= a
k+ , k = l , 2 , . . . , rn , and ~ = -~E~~ 

~~~ ~k+~~ 
Rk_ the }i din— iuch’er

conditions (s*) ~~ ll ice satisfied for’ and h -nec , a is tin ‘c O O : :

point for Note that Ep~ = will be the sol-.~t io n value of p .

if a is the r n i r i i x n u r n  po in t  for 
~~~~~~~ 

ti-in :i~t r i i f l  set = ond

E = p and we see that at a , (*) also is s a t i s f i ed and so a I3 the r n i n i .ocrn

point for P (E) .  (However , this half of the th en-oe m i s  ‘ mn. -..e c i .cte as 
-

~ilT C’~ fl in the t :ag inn in.g of the fi rst proof, abo ve . )

CAL 0)00,00 OS

We will co m pare the solution of a problem of type P (E) given in [i]

with solutions of PD (X)  for various valuos of X. All of t ixe  c - ri o xt-r- t t ion

was done with a computer pr ogram called QPS w h i c h  ;ni s o v n i  I able at the

T i n T v or s i  ty of Fhode Orland C ornier 0. - t i t e r . T r o  a i ’ : . ’ , U i  rn t h at  it uses is

icn:-~ed on n irnonical me thods described in [ 2 ] .

~ 

- - —
~~~~~~~

- - - —,~~~~~~ ~~~
-t

~~~~~~~~~~ _~~~ - -~~~~~~~~~
- ‘—

~~~~~~ ‘:
•

_~~~~~~~~~~ . _ I~ ~~~ ~~~~~~~~~~~~~~ — -,  -- ~~~~~~~ - ‘  —~~~~ j
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iOn wil l  t’~~.~e C
k~~~ 

k : c d  ~. (t )  E ~~, as in  t h e  ex- or :n lc ’ s in  [i]. The

other  r r~~- ,’f ic . x : -nnLit ~ ~ S wore

m 51, t~ -= 0.002 (i — 1), 1 =
1 -

t 5 
0 .135

,

N 1k ,

E =

O i o  sol xt n [ ]  ~~e1ded a value of o.ooo6 for  the i. x i te g: ’ a l  of tin e fonc-

V 0 tO C S cp i~and

To ill :ir tn :’,t e the  discrete version of Theorem 1 we solved numerically

f~r v a r iou s  value s of ?.. Sctne numerical results are given in Table  I .

We see that the soi.’ntl on of P
D(X) 

with i~ = 0.165 c ux -r e sp o r i d s  :cpnncxi : :  ~t e ly

to the solution of the prob~~~rn PD(E) g iv e n  in  [1].

TAKUO I

sc~~Pi’ . :o ~ i- ’t~~ s- -:o x

-OGo AL ~ \r~:y
S FOPBAN D

0.1 o.ok6 o.ooc’k6

0.165 0.O35~ 0.00057

0. 2 0.030 O . C D06 i4

0.5 0.017

0 8 o .oik 0 .o i.o~-~

-~--- - -4 ’- .- . ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ “ ‘~ 
_ _ _ _ _ _  4.4
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‘ . - t  A o . i  ii he ‘ - -Lc d sets of r ”r r ì l  n n O ~~x ’ s -‘~r id let ~.( (0,1)

h-c a f O x . i n on c i t - :xt . n t  le  a i~ - x - x n  (s’ ni - r i -  - rn )  on c( A ) ,  t he set of

c’~~: : t ’ t m ’~ ..’ . -5 , x’ - ’l  v - .~~:t”d f o r ’ . r:s on A , and let be a rot-n (:-‘ .:ni—no:-m)

~~~~~~~ 5 2 t ’ :i t h e  ~
‘ r o d  ‘ - - r uT’ (‘ :: . ‘.~~~‘ 1 ; - u ’ n o S _ n o x ~~t ” )  dofir’-d by

+ (1 -

i s  a noon (o rd —n - -t n )  on C ( A )  fl C(B).

T r o f .  DOe n ly  c ;t i ~~it ~~un  that  is  not i r r :n ed ia te  is the tr i angle ir , ~qraa l. ity .

w i l l  -0m w t h a t

+ 
2 

< ( “ fr + ‘g~~) 2 
= ~P2 

+ ‘~1~
2 

+ 2~ f ’ g~~.

T o t  f arid ~ t -e fl c( A ~ fl C ( B ) .  “i -ne

9 2 2
I f  + -o ’

~ + (i —

<, , i 1~~ m ’ ?  
+ 2I . , f~

1
~~ i ’ g !~ + + ( i—x) ~~~~ + 2(1-h ) ‘~~~~ 1’ ht
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< ~ r
f

~~ ?2  
+ 

h g~ 2 
+ 2[ ~/x~r~~ + ( l - x )~~f~~ .

= ‘~i 2 
f + 2~
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